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Abstract. We define the notion of a principal S-bundle where 5 is a groupoid 
group bundle and show that there is a one-to-one correspondence between prin- 
cipal S-bundles and elements of a sheaf cohomology group associated to S. We 
also define the notion of a locally unitary action and show that the spectrum 
of the crossed product is a principal 5-bundle. Furthermore, we prove that the 
isomorphism class of the spectrum determines the exterior equivalence class of 
the action and that every principal bundle can be realized as the spectrum of 
some locally unitary crossed product. 



Introduction 

In this paper we study the connection between groupoid dynamical systems and 
the spectrum of the crossed product. Our eventual goal will be to show there is a 
strong link between the exterior equivalence class of a locally unitary action and 
the isomorphism class of the spectrum {A x S)^ as a principal bundle. What's 
more, there is a one-to-one correspondence between these principal bundles and 
elements of a cohomology group, and this yields a complete cohomological invari- 
ant for the exterior equivalence class of locally unitary actions on algebras with 
Hausdorff spectrum. The primary objective of this work is to generalize the similar 
theory of locally unitary group actions [8] to groupoids. However, the idea of using 
local triviality conditions and cohomology classes to produce information about 
the spectrum or primitive ideal space of crossed products has been implemented in 
many contexts. It is applied to, what turns out to be, a groupoid setting in [11] 
and is often connected to actions on algebras with continuous trace as in [7] or [9]. 

The structure of the paper is as follows. In Section [T] we introduce the notion 
of a principal bundle associated to a groupoid group bundle. This theory mirrors 
the classic theory of principal group bundles. In Section [5] we introduce some basic 
results and constructions concerning groupoid crossed products. In Section [3] we 
define what it means to be a unitary groupoid action and show that these actions 
are trivial in the sense that the associated crossed product is given by a tensor 
product. Finally, in Section |4] we describe locally unitary actions. Specifically, we 
show that if a is a locally unitary action of the group bundle 5* on a C*-algebra 
with Hausdorff spectrum A then the spectrum of A Xq 5 is a principal ^-bundle and 
the isomorphism class of the spectrum determines the exterior equivalence class of 
the action. Furthermore, we show that every principal bundle can be realized as 
the spectrum of some locally unitary crossed product. 

Before we begin in earnest it should be noted that the results of this paper can be 
found, in more detail and with a great deal of background material, in the author's 
thesis [2]- 
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1. Principal Group Bundles 

In this section we will define the notion of a principal S'-bundle associated to a 
groupoid group bundle S. The theory of principal 5-bundles turns out to be nearly 
identical to the classic theory of principal group bundles. Consequently, we will 
only outline most of the proofs in this section. The following material is modeled 
off [m Section 4.2]. 

Remark 1.1. A (groupoid) group bundle is a locally compact Hausdorff groupoid S 
with identical range and source maps. Throughout this paper we will let S denote 
a second countable, locally compact Hausdorff groupoid group bundle with abelian 
fibres and will denote both the range and the source map by p. 

We begin with some definitions. Recall that we may view any continuous surjec- 
tion q : X Y SLsa. "topological" bundle. We will denote the fibres by Xy q^^{y) 
for all y ^Y. 

Definition 1.2. Let S be an abelian locally compact Hausdorff group bundle with 
bundle map p. Suppose X is a locally compact Hausdorff bundle over S'^^^ with 
bundle map q. Furthermore, suppose there is an open cover U = {Ui}ieiofS'-°^ such 
that for each i G / there is a homeomorphism : q~^(Ui) —> p^^{Ui) with po0j — q. 
Finally, suppose that for all i,j E I there is a section 7^ of S\iJij — P^^{Uij) such 
that 

(1^1 o <l>J^is) = lij{p{s))s 
for all s G Slu--. Such a bundle is called a principal S-bundle with trivialization 
(U,(f),"f). The maps (j) — {4>i} are referred to as trivializing maps and the sections 
7 — {jij} are referred to as transition maps. 

Definition 1.3. Suppose q : X S'(o) and r : F ^ S'-°^ are both principal 
S'-bundles with trivializations (W, 0, 7) and (V,')/')'?) respectively. Let W be some 
common refinement of U and V with refining maps p and a respectively. Further- 
more, suppose n : X —>■ Y is SL homeomorphism such that r o — q and that for 
all Wi € W Pi : Wi ^ S is a section of p such that for aU s G p^^{Wt) 

Then (W, f2, /?) is an S'-bundle isomorphism of X onto Y. 

Remark 1.4. Suppose we have a principal S'-bundle X with trivializations {U, (j), 7) 
and (V, V", '7)- We say that the trivializations are equivalent if the identity map forms 
an isomorphism as in Definition II. 31 We then say that X is a principal S-bundle if 
it is equipped with a maximal, pairwise equivalent collection of trivializations called 
an atlas. We say that two principal S'-bundles are isomorphic if they are isomorphic 
with respect to any pair of trivializations in their respective atlases. This is the 
usual method of dealing with locally trivial bundles and we won't make much of a 
fuss about it. 

Next, we would like to mimic the group case and characterize the set of all 
principal S'-bundles by classes in some cohomology group. We will be using sheaf 
cohomology as defined and developed in [T2l Section 4.1]. 

Proposition 1.5. Let S be an abelian locally compact Hausdorff group bundle and 
for U open in S'^°^ let S{U) = r([/, S) be the set of continuous sections from U 
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into S. Then S is an abelian sheaf and as such gives rise to a sheaf cohomology 
if"(S'W;<S) which we shall denote by iI"(S'). 

Proof. Straightforward arguments show that <S is a pre-sheaf with puy : S{U) 

S{V) given by restriction. Now suppose we have an open set U C S'*-'^-' and a 
decomposition U = Uie/ Ui of U into open sets Ui. Furthermore, suppose we have 
7i e T{Ui, S) for alii G I and for aU i,j el 

PUi,Uij{li) = PUi,Uij{lj)- 

Tracing through the definitions we see that each 7, is a continuous section on Ui 

such that the 7^ agree on overlaps. Therefore, we can define a continuous section 
7 on in a piecewise fashion so that pu^uAl) = li- Furthermore, it is clear that 
7 is uniquely determined by the 7i. Thus <S is a sheaf of groups on S^^^ which is 
obviously abelian. □ 

At this point we can build the desired correspondence between principal S- 
bundles and elements of H^{S). 

Theorem 1.6. Suppose S is an abelian locally compact Hausdorff group bundle. 
There is a one-to-one correspondence between the isomorphism classes of principal 
S -bundles and elements of the sheaf cohomology group H^(S). Given a principal 
bundle X with trivialization (W, 0, 7) the cohomology class in H^{S) associated to 
X is realized by the cocycle 7. 

Proof. Because this proof is so similar to the corresponding proof for principal 
group bundles wc will limit ourselves to sketching an outline. First, suppose X is 
a principal 5-bundle and pick a trivialization (W, 0, 7). Then 7 = {"/ij} turns out 
to be a cocycle and as such wc can use 7 to define a class [7] £ H^{S'-^^;S). It is 
straightforward to show that [7] is independent of which trivialization we choose 
for X . Now let Y be another bundle isomorphic to X. Suppose {U, (p, 7) is a trivi- 
alization for X , (V, ip, rf) a trivialization for Y , and let (W, 51, j3) be an isomorphism 
from X to Y . By passing to a common refinement we can assume, without loss of 
generality, that U = V = W. Then, for all u e C/^j, simple calculations show that 
r]ij{u)Pj{u) = Pi{u)^ij{u). Hence j'^rj is a boundary and therefore [7] = [rj] in 
H^{S^^^;S). This shows that the map X 1— > [7] is a well defined function from the 
set of isomorphism classes of principal 5-bundles into H^{S). 

Next we are going to construct an inverse map. Suppose c € H^{S^^^;S) is 
realized by 7 G Z^iTJ.S) for some open cover U. Let C = W,iP~^{Ui) be the 
disjoint imion of the p^^{Ui) and denote elements of C by (s, i) where s 6 p~^{Ui). 
Define a relation on C by (s, i) = (i, j) if and only if p{s) = p{t) = u and s = jij {u)t. 
Elementary calculations using the cocycle identity show that = is an equivalence 
relation. Let X^ be the quotient of C by = with equivalence classes denoted by [s, i] 
for (s, i) € C and associated quotient map Q. Since the map (s, i) ^ p{s) is constant 
on [s, i], we can factor it through Q to obtain a continuous surjection q : X^ S^'^\ 
As it turns out, = is trivial onp~^{Ui) C C and (pi = Q\p-i(Ui) ■ P^^{Ui) q~^{Ui) 
is a homeomorphism. Because X^ is locally homeomorphic to S, it follows that X^ 
is locally compact Hausdorff and that we can view X^ as a bundle over S^^^ with 
bundle map q. Furthermore, straightforward computations show X-y is a principal 
5- bundle with trivialization (Z-/, </>, 7), and that the cohomology class associated to 
X^ is [7] = c. 
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Wc must show that our map is well defined in the sense that if we choose two 
different realizations of c we end up with isomorphic principal bundles. Let rj = 
{r]ij} be some other cocycle which implements c on an open cover V. Since [rj] = 
[7] = c we can pass to some common refinement of U and V, say W with refining 
maps r and p respectively, and find continuous sections G r(Wi, S) such that 

'>lpii)pij)0j = A7r(i)r0)- 

Wc define : X,^ locally by f7([,s, r(i)]) = [l3i{p{s))s, p{i)\. Some basic 

arguments show that f2 is well defined and that (W, Q., (3) is an isomorphism from 
X^ onto X^. Thus we have constructed a well defined map [7] X^ from H^{S) 
into the set of isomorphism classes of principal S-bundlcs. Furthermore, it is clear 
that this map is a right inverse for X 1— > [7] . Another simple argument shows that 
it is also a left inverse so that we have the desired correspondence. □ 

We continue our exploration of principal 5-bundles by showing that they are 

equivalent to a certain class of principal ^-spaces. First, observe that only transitive 
groupoids can have transitive actions. Thus, we make the following definition for 
groupoid actions which are as transitive as they can be. 

Definition 1.7. Suppose G is a locally compact Hausdorff groupoid acting on a 
locally compact Hausdorff space X. Then we say the action is orbit transitive if 
G-x = G-yin X/G whenever G • r{x) = G ■ r(y) in G^°^ /G. 

Remark 1.8. Recall that a G-space X is proper if the map (7, a;) 1-^ (7 • x, x) from 
G IX X into X X X is proper. The action is principal if it is both free and proper. 

Next we have the following construction. 

Proposition 1.9. Suppose X is a principal S-hundle with trivialization (U, (/),"/). 
Define the range map on X to be its bundle map q. Then, for s € S, x G X such 
that p{s) = q{x) G Ui, 

(1) s-x = (j)-'^{s<i)i{x)) 

defines a continuous action of S on X. Furthermore the following hold: 

(a) The action of S on X is principal. 

(b) For all i the map is equivariant with respect to this action and the action 
of S on itself by left m.ultiplication. 

(c) The action of S on X is orbit transitive. 

Proof. Elementary calculations show that the action is well defined on overlaps, 
respects the groupoid operations, and is continuous. 

Part (a): Suppose s ■ x ^ x for s G S* and x lE X. Then for sonic i we have 
(j)^^ {s(j)i{x)) — X so that s(j)i{x) — 4>i{x). It follows that s G ^^"^ and that the action 
is free. Now suppose {xi} and {s;} are nets in X and S, respectively, so that xi ^ x 
and si ■ xi ^ y. We can pass to a subnet and assume that p{s) = q(x) = q{y) G Ui 
and p{si) = q{xi) G Ui for all I. In this case si(pi{xi) — > (piiy) and, combining this 
with the fact that (t>i{xi) (piix), we have s; (pi{y)(f)i{x)~^ . It follows quickly 
that the action of S" on X is proper, and therefore principal. 

Part (b): Suppose s G S* and x € X such that p{s) — q{x) = u & Ui. Then 

(piis ■ X) = (f)i{(l)^^ {s(l)i{x))) = S(l)i{x). 

Part (c): Suppose x,y G X such that q{x) = q{y) G Ui and let s = (t)i{y)<pi(x)~^ . 
Then we are done since s ■ x = 4>^^ {(j)i{y)(j)i{x)~^ (j)i{x)) = y. □ 
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This next proposition shows that we can view principal S-bundles as particularly 
nice S'-spaces. It is often useful think of principal 5-bundles in this manner. 

Theorem 1.10. Suppose S is an ahelian locally compact Hausdorff group bundle 
and X is a locally compact Hausdorff space. Then X is a principal S -bundle if and 
only if X is a principal, orbit transitive, S -space such that the range map on X has 
local sections. 

Proof. If X is a principal S'-bundle then let (JJ, (j), 7) be a trivialization of X and 
let S act on X as in Proposition [L9l On Ui define ai : Ui ^ X hy ai{u) — (jj^^iu). 
It is easy to see that ai is a continuous section of q on Ui. 

Now, suppose S acts on X as in the statement of the theorem and that U is 
an open cover of S*'*^' such that there are local sections : Ut ^ X of q. We 
define ipi : p~^{Ui) q~^[Ui) by V'j('S) = * ■ <^i{p{s))- It is clear that is contin- 
uous. A straightforward argument shows that ipi is injective because the action is 
free, and that ipi is surjective because the action is orbit transitive. Now suppose 
i^iisi) — > ipi{s). By definition we have s; • ai{p{si)) — > s ■ ai{p{s)). Furthermore 
q{si ■ ai(j>{si))) = p{si) for all I and q{s ■ ai{p{s))) ~ pis). Since q is continuous, 
we have p(s/) p{s) and therefore ai(j){si)) — > ai{p{s)). Since the action of S is 
proper, this implies that we can pass to a subnet, relabel, and find t such that si — > t. 
However, using the continuity of the action, this implies si ■ ai(p{si)) — ^ t ■ ai{p{s)). 
Using the fact that X is Hausdorff and the action is free, we have s ^ t. It follows 
that tpi is a homeomorphism and we define the trivializing maps to be (pi — il^T^ ■ 
Next, we need to compute the transition functions. Suppose s G p~^{Uij). Then 

where 7y (u) is the unique element of S such that Jij{u) ■ cTiiu) — crj(u). We know 
7ij (u) is guaranteed to exist because the action is orbit transitive and that 7^ (u) is 
unique because the action is free. It is simple enough to show that 7.^ is continuous. 
Hence X is a principal S'-bundle with trivialization {hi, ((>,"/). □ 

This next proposition is nice because it frees our idea of principal bundle iso- 
morphism from the hassle of having to keep track of local trivializations. It is 
also mildly remarkable that is not required to be a homeomorphism, or even a 
bijection. 

Proposition 1.11. Suppose X and Y are principal S-bundles. Then X and Y 
are isomorphic if and only if there exists a continuous map Q : X Y which is 
S-equivariant with respect to the actions of S on X and Y. 

Proof. Let X and Y be as above with bundle maps q and r, and trivializations 
(U, 7) and (V, ?/', v)i respectively. Elementary calculations show that if (W, il, (3) 
is a principal bundle isomorphism from X to Y then f2 is equivariant. 

Now suppose : X ^ Y in a, continuous equivariant map. By passing to a 
common refinement we may assume without loss of generality that lA ^ V. Given 
Ui let Vli = %l>ioVlo (j)^^ . Since each of its component maps preserves fibres, Vli does 
as well, and therefore ^2i|s„ maps Su into Su for u £ Ui. If s,t G Su then 

n,{st) = o ^{s ■ ^-\t)) = Ms ■ ^i^7\t)) = sn,{t). 
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Observe that given an abelian group homomorphism h : H ^ H such that h{st) — 
sh{t) for all s,t ^ H we have h{s) = h{es) — h{e)s. Hence, h is actually just left 
multiplication by h{e). Applying this to the current situation we find that rii|s„ 
is left multiplication by fli{u) on Su- Define Pi on Ui by /3i(u) = fli{u). The 
function (3i is a section of S on Ui which is continuous because Qi is continuous. 
Since Qi is defined by left multiplication against /3i, it follows immediately that 
fli has a continuous inverse given by left multiplication against Thus is 

a homeomorphism. It is straightforward to show that this implies that SI is a 
homeomorphism. Furthermore, we know that for s G q^^{Ui) 

ijj.oflo (f)~^{s) = rii(s) = P,{p{s))s. 

Hence {h(,ft, (3) is a principal bundle isomorphism of X onto Y. □ 

Remark 1.12. It is philosophically important to see that the theory of principal S- 
bundles is an extension of the classical theory of principal group bundles. Suppose 
H is an abelian locally compact Hausdorff group and X and Y are locally compact 
Hausdorff spaces. Let S — Y x H he the trivial group bundle. Then it is not 
difficult to show that X is a principal i/-bundle over Y if and only if X is a 
principal S'-bundle. What's more, H"'{S) = H"'{Y; H) and under this identification 
X generates the same cohomology class when viewed as either a principal S'-bundle 
or a principal i?-bundle. 

1.1. Locally cr-trivial Spaces. As observed in Remark 11.121 principal "group 
bundle bundle" theory is a natural extension of classical principal group bundle 
theory. The real question is if there are principal S-bundles which are not generated 
by principal _ff-bundlcs. Fortunately, principal 5-bundles are also an extension of 
the notion of cr-trivial spaces as defined in [11' and there are nontrivial examples 
given there. First, however, we define what it means to be cr-trivial. 

Definition 1.13. Suppose the abelian locally compact Hausdorff group H acts on 
the locally compact Hausdorff space X and the stabilizers vary continuously in H 
with respect to the Fell topology. We shall say that X is a locally cr-trivial space if 
X/H is Hausdorff and if every x G X has a i/-invariant neighborhood U such that 
there exists a homeomorphism <j) :U ^ [U/ H x H) / = where 

{H ■ x,s) = {H ■ y, t) if and only \i H ■ x ^ H ■ y and st^^ G H^- 

Furthermore we require that 

(a) If X G [/ then (t>{x) = [H ■ x, s] for some s G H and, 

(b) If x G [/, s G i? and 4>{x) = [H ■ x, t] then (j}{s ■ x) ^ [H ■ x, st]. 

Our goal will be to construct an abelian group bundle S associated to G and 
X. Because this construction is unimportant for what follows, we will omit some 
of the details. 

Proposition 1.14. Suppose the abelian locally compact Hausdorff group H acts 
on the locally compact Hausdorff space X. Furthermore, suppose the stabilizers 
vary continuously in H and that X/H is Hausdorff. Define S(^x.H) ■— i^/H x 
H)/ =, often denoted S, where = is as in Definition \1.13[ Then S is an abelian 
locally compact Hausdorjf group bundle with a Haar system whose unit space can 
be identified with X/H. The bundle map is given by p{[H ■ x, s]) — H ■ x and the 
operations are 

[H -x.sWH -x^tl-.^lH -x^st], and [H ■ x.s]^'^ -.^ [H ■ x,s^'^]. 
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The fibre Sh-x over H ■ x is (isomorphic to) H/Hx- 

Proof. Define S as in the statement of the proposition. A relatively simple argument 
shows that S is locally compact Hausdorff and that the quotient map Q : X/H x 
H ~> S is open. It is similarly straightforward to show that, given the operations 
above, S is algebraically a group bundle over X/H with bundle map p given by 
p{[H ■ x,s]) — H ■ X. We now assert that the operations are continuous and that 
p is open. This can be proved by using the fact that Q is open. It then follows 
from [131 Lemma 1.3] that S has a Haar system. Given H ■ x £ X/H we have 
Sh x — {[H ■ X, s] : s G H}. We can define a continuous surjective homomorphism 
(p : H ^ Sh x by ^(s) = [H ■ x,s\. Straightforward arguments show that (p is open, 
and hence it is clear from the definition of = that (p factors to an isomorphism of 
H/Hx with Shx- Since H/H^ is clearly abelian, this proves that S has abelian 
fibres and we are done. □ 

The reason we went through all of this rigmarole is that given a locally cr-trivial 
system {H, X) we would like to show that X is a principal S'(/f^x)-bundle. 

Proposition 1.15. Suppose H is an abelian locally compact Hausdorff group acting 
on a locally compact Hausdorff space X with continuously varying stabilizers such 
that X/H is Hausdorff. If X is locally cr-trivial then X is a principal S'(/f x)-&MndZe. 

Proof. Let q : X ^ X/H be the quotient map. We know from Definition 1 1 . 1 31 that 
a X £ X then there is an ff-invariant neighborhood U that is homeomorphic to 
U/H X H/ =. If we let V — U/H then V is an open neighborhood oi H ■ x and 
q^^{V) — U . Let p be the bundle map for S and observe that 

p^^{V) = {[H ■ x,s] e S : H ■ X £V} = U/H x H/ ^ . 

Thus we have a homeomorphism (j>v ■ Q~^{V) P^^(V). Find one of these neigh- 
borhoods for every x € X and use them to build an open cover V of X/H. 
For Vi in this open cover let (pi — (pVi • Given Vij define 7^ : Uij ^ S" by 
"1ij{H ■ x) — (pi o (pJ^{[H ■ x,e]) where e is the unit in H. It is clear that 7^ is 
a continuous section on Vij . Since jij is a section, we can find a function 7^ from 
Vij into H such that jij{H ■ x) = [H ■ x,%j{H ■ x)]. Suppose [H ■ x,s] G p^^{Vij). 
Then, using the equivariance condition of Definition 11.131 we have 

<P,o^j\[H ■x,s])^<P,is-^j\[H -x.e])) - [H ■x,%{H ■x)s] 
= -iij{H ■ x)[H ■ X, s]. 

Thus X is a principal S'-bundle with trivialization (V, 0,7). □ 

Remark 1.16. The upshot of Proposition 1 1.151 is that every nontrivial example of a 
locally cr-trivial space given in |,llj is an example of a nontrivial principal S'-bundle. 
This shows that such bundles do exist, and it then follows from Theorem 11.61 that 
there are group bundles with nontrivial cohomology. 

Remark 1.17. In |11| a cr-trivial space is said to be locally liftable if given a contin- 
uous section c : J7 — > S then there exists V dU and a continuous map c:V^H 
such that c{H ■ x) — [H ■ x,c{H ■ x)]. Locally cr-trivial bundles are defined to be 
locally cr-trivial spaces which are also locally liftable. The reason for this extra 
requirement has to do with finding a cohomological invariant for X. Let T be the 
sheaf defined for U c X/H by T{U) = C{U, H) and 7^ be the subsheaf of T where 
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Ti{U) is the subset of T{U) such that f{H ■ x) e Hx for aU x. Then sheaf cohomo- 
logical considerations will show that we can construct a quotient sheaf T/TZ and 
an associated cohomology H'^{X/H; T/TZ). Given a cr-trivial space one would like 
to use the transition maps 7^ , as defined in the proof of Proposition I1.15[ to con- 
struct an element of H^{X/H; T/TZ). The problem is that while 7^ is a continuous 
section of Uij into S the associated map jij : Uij — > H may not be continuous. If 
"fij is not continuous then it doesn't define an element of T{Uij) and we cannot 
construct the appropriate cohomology element. However, if X is required to be 
locally liftable then, by passing to a smaller open set, we can guarantee that 7^ is a 
continuous function. As such it defines an element of T(Uij) and hence a cohomol- 
ogy element in H^{X/H;T/TZ). In fact, it is shown in [11] that this construction 
leads to a one-to-one correspondence between locally cr-trivial bundles with a fixed 
orbit space X/H and H^{X/H:T/TZ). 

This is an artificial restriction in our setting. The 7^- can always be used to 
define an element of H^{Si^x,H))i regardless of whether a is locally liftable or not. 
It is comforting to observe the following, however. Let S be the sheaf of local 
sections of S so that _ff"(S') = H"{X/H;S) by definition. It is straightforward to 
show that if a is locally liftable then we get a short exact sequence of sheaves 

and that H^{X/ H;S) is naturally isomorphic to H"-{X/ H,T /TZ). Furthermore, 
once one sorts out all of the various constructions, it is clear that the different 
cohomological invariants of a cr-trivial bundle are identified under this isomorphism. 

2. Groupoid Crossed Products 

For the rest of the paper we will assume that G, or S, is a second countable 
locally compact Hausdorff groupoid, or group bundle, with a Haar system. We will 
let Ahe& separable Co (G'"' )-algebra and A be its associated upper-semicontinuous 
bundle (use-bundle). In general we will use the Go(X)-algebra notation from (TSl 
Appendix C] or [2l Section 3.1] and refer readers to these sources as references. 
Next, let (A, G, a) be a groupoid dynamical system as defined in [6] or [21 Section 
3.2]. We will assume that the reader is familiar with groupoid dynamical systems, 
although we take the time here to establish some of the basics. First, recall that a is 
given by a collection of isomorphisms {a^}-ygG such that : ^(5(7)) ^ A(r(7)), 
whenever 7 and rj are composable, and j ■ a :— a-y(a) defines a 
continuous action of G on A. We then form the convolution algebra rc(G, r*^) 
given the operations 

f*9il)= f fiv)o',i9{v-'l))dy^-'Hv) and /* (7) = ^^(5(7-1)*). 
Jg 

Next, suppose we have a representation {U, X * Sj, n) of G and a Go(G^°^)-linear 
representation tt oi A on L^{X * Sj, n). It follows from some fairly heavy repre- 
sentation theory 6, Section 7], ^ Section 3.3] that there exists a collection of 
representations 7r„ : A{u) B{TLu) such that 7r(a) is equal to the direct integral 
/^(o) 7r„(a(u)) for all a G A. This decomposition is an essential aspect of 

Go(G^°^)-linear representations oi A and will be used in Section[3l Next, recall that 
we can use the quasi-invariant measure to induce a measure v = Jq(o) X"d^{u) 
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on G. We say that (tt, J7, X * i^, /i) is a covariant representation if the relation 

(2) C/^7rs(^)(a) = 7rr(^) (a-y(a))C/^ for aU a G ^(5(7)) 

holds j/-almost everywhere on G. We can then form the integrated representation 
tt-aU oi Tc{G, r*A) on L'^{X * f), fi) by 

(3) n UifMu) = I 7r„(/(7)){/Xs(7))A(7)-^dA"(7) 

JG 

where A is the modular function associated to /i. It is then either a definition or 
a theorem that the crossed product A "A G \s the completion of Vc{G,r*A) with 
respect to the universal norm arising from the integrated covariant representations. 

Remark 2.1. This construction mirrors the construction of groupoid C*-algebras. 
In the groupoid case the integrated form of a unitary representation is given on 
Cc{G) by 

U{f)h{u) = / /(7){/Xs(7))A(7)~^dA"(7) 

JG 

and C*{G) is the completion of Cc(G) with respect to the universal norm deter- 
mined by these representations. 

With the exception of this section we will generally be interested only in actions 
of group bundles on C*-algebras. As such, most of our crossed products will have 
extra structure. Recall from [H Proposition 1.2] that if S" is a group bundle and 
(A, S, a) is a dynamical system then ^ xi S" is a Co(5''-*'-')-algebra and that restriction 
from Tc{S,p*A) to Cc{Su,A{u)) factors to an isomorphism of the fibre A x S{u) 
with the group crossed product A{u) x S'„. In fact, this identification is even more 
robust. Recall that if A is a Co(X)-algebra and U C X is open then we define 
A{U) to be the section algebra ro{U,A) Section 1]. 

Proposition 2.2. Suppose (A, S, a) is a groupoid dynamical system, S is a group 
bundle, and that U is an open subset of S^^K Then A Xq, S{U) and A{U) xIq S\u 
are isomorphic as Co{U)-algebras. 

Proof. Let C S'-°^ \ U and recaU that ^ x is a Co(S'("))-algebra. It follows from 
some general Co(X)-algebra theory that A x S{U) is isomorphic to the ideal 

ic = spssicj) -f-.cj^e Co(5(*')), / e r,{s,p*A),<l>{C) - 0} 

via the inclusion map ti : A x S{U) ^ A a S where we view both spaces as 
section algebras of their associated bundle. Because S acts trivially on its unit 
space, U is S'-invariant and it follows from [3, Theorem 3.3] that the inclusion 
map L2 ■ Tc{S\u,p*A) — > Tc{S,p*A) extends to an isomorphism of A{U) x 5|;7 
with Ex([/) where Ex([/) is the closure of Tc{S\u,P*A) in A x S. A standard 
approximation argument shows that Ic — Ex([/). Thus o ti yields the desired 
isomorphism. The fact that it is Co(C/)-linear follows from a computation. □ 

Remark 2.3. The identification made in Proposition 12.21 extends to the spectrum. 
Recall from [TSl Proposition C.5] that {A x S)^ can be identified as a set with 
the disjoint union Oti6S(o) (^(''^) ^ Su)^ and that there is a continuous map q : 
(A X S*)^ S'(°) such that q(7r) = u if and only if tt factors to a representation 
of A{u) X Su- Suppose U C S'^°^ is open. Then each of q'^U), [A x and 
{A{U) X S\u)^ can be identified setwise with lJug[/(^(M) x Su)^. It is a matter of 
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sorting out definitions and applying Proposition 12.21 to see that all three algebras 
induce the same topology on the disjoint union. 

Groupoid dynamical systems are fairly common and in particular arise naturally 
from groupoid actions on spaces, which we shall demonstrate after proving the 
following 

Lemma 2.4. Suppose X , Y and Z are locally compact Hausdorff spaces and that 
a : Y X and t : Z —t X are continuous surjections. Let Z ^Y — {(z,?/) S 
Z X r : t(z) ^ cr(y)}. Then the map l : Cq{Z * F) ^ t*{Cq{Y)) such that 
b{f){z){y) — f{z,y) is an isomorphism. Furthermore, L.(f) is compactly supported 
if f is and l preserves convergence with respect to the inductive limit topology. 

Remark 2.5. Recall from [T51 Example C.4] that if cr : y ^ X is a continuous sur- 
jection then Co{Y) has a Co(^)-algebra structure. Furthermore, the fibre Co{Y){x) 
is isomorphic to Co{a~^{x)) via restriction. 

Proof. Let C be the use-bundle associated to Co{Y) as a Co(^)-algebra. Define 
L : Cc{Z *Y) ^ Tc{Z,T*C) by i{f){z){y) = /(z,y). It is straightforward to show 
that /,(/) is a compactly supported section of t*C. We need to see that i{f) is 
continuous. We start by demonstrating this in a simpler case. Suppose g G Cc{Z)j 
h e Cc{Y) and define g (g) h{z, y) — g[z)h{y) for all (z, y) e Z * F. Suppose Zi z. 
Since h G Cc{Y), we can view ft, as a continuous section of C with h(x) — h\^-i(^^-^ 
for all x G X and therefore h{T{zi)) — > /i(t(z)) in C, since r is continuous. It 
follows quickly from the fact that scalar multiplication is continuous that is a 
continuous section. 

Now suppose we have / G Cc{Z *Y). Since Z *Y \s, closed in Z x F, we can 
extend / to the product space and then find gl G Cc{Z) and hi G Cc{Y) such that 

= Ylj 9i®^i~^ f uniformly. Let Zi ^ z and observe that T{zi) — > t(z). We 
will show i{f){zi) L{f){z) using [15l Proposition C.20]. Let e > and choose 
/ such that \\ki — /||oo < £• Since sums of continuous functions are continuous, 
i,{ki){zi) L{ki)(z) by the previous paragraph. Furthermore, given w £ Z we have 

||i(fc/)(u;) - t(/)(w)||oo = sup |fc/(-!«,?;) - /(u;,y)| < ||fc/ - /lloo < e- 

yeo--i(r(w)) 

Since this is true for all Zi and z, we are done. 

An elementary calculation now shows that t is isometric and it follows from 
an application of 15, Proposition C.24] that rant is dense in ro{Z,T*C). Since 
i : Cc(Z * y) ^ t*Cq{Y) is an isometry mapping onto a dense set we can extend t 
to an isomorphism l : Co{Z * Y) ^ t*Co{Y). It is now straightforward to see that 
i has the desired form on all of Cq(Z * 1") and that l preserves convergence with 
respect to the inductive limit topology. □ 

Using Lemma l2.4l we can show that left translation yields a groupoid dynamical 
system from any G-space. 

Proposition 2.6. Suppose a locally compact Hausdorff groupoid G acts on a locally 
compact Hausdorff space X. Then Co{X) is a Co{G^^^)- algebra and there is an 
action of G on Co{X) given by It^ : Co{r^^ (sl'y))) Co{r^^{r{j))) where 

(4) ih{f){y) = fii-'-y) 

for all f G Co(r3^^(s(7))) and y G r^^(r(7)). 
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Proof. The Co (G*^"^ )-algebra structure on Co{X) arises from the range map on 
X as in Remark 12.51 Let C be the use-bundle associated to Co(^). Define 
It^ : Co{rx{s{'~f))) C'o(?'jf (^(7))) as in the statement of the proposition. It is 
straightforward to show that each It-y is an isomorphism and that the groupoid 
operations are preserved. The only difficult part is proving that the action is con- 
tinuous. Suppose /i — > / in C and 7^ — 7 in G such that Ui = p{fi) = ^(7;) for 
all i and u — p{f) = 5(7)- Observe from Lemma 12.41 that there is an isomorphism 
L : Go(G *X) ^ r*Ca{X) and find g e Go(G * X) such that iig){u) = /. De- 
fine g G Go(G * X) by g{'j,x) = 5(7,7"^ • x). A simple calculation shows that 
i{g){rj) — Itrj {L{g){'r])) for all rj G G. In particular, since i{g) is a continuous section, 
we must have It^. (t(g)(7i)) \t^{L{g){'-f)). Finally, observe that 



Remark 2.7. It is not particularly difhcult to use Lemma [2^ to show that if X is a 
G-space and G k X is the transformation groupoid then Co{X) xiit G is naturally 
isomorphic to the transformation groupoid G*-algebra C*{G x X). However, since 
this fact has little bearing on our current discussion, the proof has been omitted. 

Remark 2.8. There is a converse to Proposition 12.61 for abelian algebras. Given a 
groupoid dynamical system {Co{X),G,a) it follows from [H Proposition l.I] that 
there is an action of G on Co{X)^ — X. It is straightforward to show, once one 
sorts out all the definitions, that a is given by left translation with respect to this 
action. 

Example 2.9. If X is a principal S'-space then we showed in Proposition 11.91 that 
there is a continuous action of S* on X. Hence there is an associated crossed product 
Co{X) Xit 5 which will be essential in the latter half of Section [H 



In this section we will discuss what it means for a groupoid to act trivially. The 
main goal will be to show that if the action is trivial then the crossed product 
reduces to a balanced tensor product. As with group crossed products, trivial 
actions are going to be defined by unitaries. 

Definition 3.1. Suppose 5 is a locally compact Hausdorff groupoid group bundle 
and A is a Go(S'^°')-algebra. Then a unitary action of 5* on A is defined to be a 
collection {u^jsgs such that 

(a) u, G UM{A{p{s))) for all seS, 

(b) Ust = UsUt whenever p{s) = pit), and 

(c) s ■ a := Ustt defines a continuous action of S on A. 

The triple (A, 5, u) is called a unitary dynamical system. 

Remark 3.2. If m is a unitary action of 5 on A then the restriction of u to Sy for 
gives a unitary action of Sy on A{v) in the sense of p.5', Definition 2.70]. 
Thus, Definition 13.11 is really just a "bundled" version of the notion of a unitary 
action of a group on a G*-algebra. 

As with groupoid dynamical systems there is an "unbundled" definition. 



I lt7.(^(.9)(7.)) - ^t,m\\ = lk(ff)(7.) - /.II - 




□ 



3. Unitary Actions 
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Proposition 3.3. Suppose {A,S,u) is a unitary dynamical system. Then there is 
an element u G UM{p*A) such that u{s) — Ug for all s G S . Conversely, if we 
have u G UM(p* A) then there are elements G UM{A{p{s))) for all s S and if 
Uat — UsUf whenever p(s) — p{t) then {us} defines a unitary action of S on A. 

Proof. Suppose {A, u) is a unitary action and / ^ p*A. We need to show that 

h{s) := Usf{s), and g{s) := u*J{s) 

define elements of p*A. The continuity of h is obvious from condition (c) of Def- 
inition [3?ll Suppose Si — > s and Oi a such that G A{p{si)) for aU i. First, 
observe that condition (b) of Definition 13.11 guarantees that u^-i = = u* for 
all s G S*. Therefore 

u^-iOi = u*.ai —> u*a — u^-ia. 

It follows immediately that g is continuous as well. Furthermore, both h and g must 
vanish at infinity because / does. Thus h,g G p*A. Hence [5j Lemma 2] implies 
that there is a multiplier u such that u{f){s) = Usf{s) for all s G S. Since each Ug 
is a unitary, it is clear that u must be a unitary. 

Next, suppose we are given u G UM{p*A). Then, via [SJ Lemma 2], we know 
there exists multipliers Ug such that Ms(/(s)) = m(/)(s). However, since u is a 
unitary, each Ug must be as well. It is now straightforward, using |15[ Proposition 
C.20], to show that {ug} defines a unitary action of S on A. □ 

Given a unitary dynamical system we can form an associated groupoid dynamical 
system in the obvious way by using the adjoint map. 

Proposition 3.4. Suppose {A, S, u) is a unitary dynamical system. Then the col- 
lection {Adusjigs defines a groupoid action of S on A. We say that such an action 
is unitary or unitarily implemented. 

Proof. Given a unitary action let u be the corresponding element of UM(jj*A) 
guaranteed by Proposition [3?3l Then define Adit : p*A p*A by AdM(/) = ufu* . 
Clearly Adu is a Co(5''^''-')-linear automorphism oip*{A) and it is straightforward 
to use (6] Lemma 4.3] to show that Adw yields the desired dynamical system. □ 

At this point we need to make a brief detour through the notion of equivalent 
actions. The following construction will play the role of isomorphism. 

Definition 3.5. Suppose G is a locally compact Hausdorff groupoid and A is a 
Co(G^*'-')-algebra. Furthermore, suppose a and (3 are actions of G on A. Then we 
say that a and /3 are exterior equivalent if there is a collection {u^j^ec such that 

(a) G UM{A{r{-f))) for all 7 G G, 

(b) u^ri = Uya^lujj) for all ^,ri £ G such that 3(7) — r(r/), 

(c) the map (7, a) u^a is jointly continuous on the set {(7,0) G G x ^ : 
r(7) = q{a)}, and 

(d) f3j = Ad u~f o a~f for all 7 G G. 

As before, we present an alternate definition which removes the bundle theory. 

Proposition 3.6. Suppose a and f3 are exterior equivalent actions of the lo- 
cally compact groupoid G on the Co{G^^^)-algebra A with the collection {u^} im- 
plementing the equivalence. Then there is an element u G UM{r*A) such that 
uif){l) = ""7/(7) for all f G r*A and 7 G G. 
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Conversely, if u ^ UM{r*A) then there are G U M{A{r{'-^))) for all 7 G G. // 
u^^ — Ujary{urf) whenever 3(7) = r(ry) and (3-y = Adu^ o a-y for all ^ ^ G then a 
and P are exterior equivalent. 

Proof. This is demonstrated in almost exactly the same way as Proposition l3.3l and 



The most important fact about exterior equivalent actions is the following 

Proposition 3.7. Suppose (A, G, a) and (A, G, f3) are exterior equivalent groupoid 
dynamical systems with the equivalence implemented by {1*7}- Then the map (p : 
TciG,r*A) Tc{G,r*A) defined by 



for all ^ ^ G extends to an isomorphism from A G onto A ><ip G. 

Proof. Let (A, G, a) and {A, G, [3) be exterior equivalent dynamical systems with 
the equivalence implemented by {u-y}. Use Proposition 13.61 to find u G UM{r*A) 
such that uf{^) = u^f{'y) for all 7. Given / G rc(G, r*^) view / as an element 
of the pull back r*A and define </>(/) = fu*. It is clear that (j) : rc(G,r*^) — > 
rc(G, r*^) is given by (O- Some lengthy, but uncnlightening, computations show 
that is a ^-homomorphism with respect to the actions arising from a in its 
domain and from /3 on its range. Since ||</>(/)(7)|| = ||/(7)|| for all 7 G G, it follows 
quickly that </> is continuous with respect to the inductive limit topology. Therefore 
the Disintegration Theorem [6l Theorem 7.8,7.12] implies that extends to a *- 
homomorphism from A Xa G into A G. We can define an inverse tp for cj) on 
rc(G, r*^) by 'tp{f){j) = f{'y)uj in an identical fashion. □ 

Moving on, our statement that unitary actions are "trivial" dynamical systems 
will be supported by the next lemma. However, let us first introduce an action 
which is as simple as possible. 

Example 3.8. Suppose 5 is a locally compact group bundle and A is a Go(S'^*'^)- 
algebra. It is easy to show that the collection of identity maps id^ : A{p{s)) 
A{p{s)) defines an action of 5* on A. Observe that group bundles are the only 
groupoids which can act trivially in this manner. 

Lemma 3.9. If (A, S, a) is a unitary dynamical system then it is exterior equivalent 
to the trivial system {A, S, id) . 

Proof. Suppose a is implemented by the unitaries {us}. Then an elementary cal- 
culation shows that the {us} also implement an equivalence between id and a. □ 

Remark 3.10. The curious reader may wonder why we have only defined unitary 
actions for a special class of groupoids. Unitary actions should always be equivalent 
to the trivial action and, as stated in Example 13.81 the trivial action only makes 
sense for group bundles. Thus, it only makes sense to define unitary actions for 
group bundles. 

We want to show that crossed products of unitary dynamical systems are tensor 
products. However, we are working with fibred objects so we need to use a tensor 
product which respects the bundle structure on the algebras. It is assumed that 
the reader is familiar with the basics of balanced tensor products between Go{X)- 
algebras, although [TU] and [T^l Appendix B] will serve as references. 



the proof is omitted for brevity. 



□ 



(5) 



0(/)(7)=/(7)< 
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Remark 3.11. For completeness, let us recall that if A and B are Co(^)-algebras 
then the balancing ideal Ix is the ideal in A ®max B generated by 

{f ■a®b-a® f -b: f e Co(X), a e A, 5 e B}. 

The balanced tensor product A®Co{x) B is defined to be the quotient A^-^^axB / Ix- 
Our tensor products will generally be maximal tensor products. However, most of 
the time we will be working with nuclear C* -algebras so that we will not have to 
make this distinction. 

We now prove the main theorem concerning unitary actions, which is that they 
have trivial crossed products. Because we are working with universal completions, 
the proof is surprisingly technical. 

Theorem 3.12. Suppose {A,S,a) is a unitary dynamical system with a imple- 
mented by u. Then there is a Cq{S^'^^) -linear isomorphism (p : C*{S) ®Co{S'~°y) ~^ 
A y<>a S which is characterized for a £ A and f £ C'c{S) by 

(6) 0(/0a)(s)=/(s)a(p(s))< 

Remark 3.13. Since (f) is Co(S'^''-')-linear it factors to isomorphisms 0„ : C*{Su) ^ 
A{u) A{u) Su- It is not difficult to check that these are the usual isomorphisms 
that arise from unitary actions |15[ Lemma 2.73]. 

Proof. First, let /3 be a Haar system for S and consider the trivial action id of S on 
A. Given a £ A and / G Cc{S) define t(/ ® a)(s) := /(s)a(p(s)). It follows easily 
that t(/ a) e Tc{S,p*A). Extend l to the algebraic tensor product Cc{S) A 
by linearity so that t : Cc{S) Q A ^ Tc{S,r*A). Observe that rant is dense with 
respect to the inductive hmit topology by [H Proposition 1.3]. Simple calculations 
on elementary tensors show that t is a *-homomorphism. Now we check that l is 
bounded. Suppose (tt, U, 5'^°) fi) is a covariant representation of {A, S, id). Then 
[/ is a groupoid representation of S and we can form the integrated representation 
as in Remark 1 2. 11 which we also denote by U. Let the collection {tTu}u£S'.°^ be a 
decomposition of tt as in Section [2l Since (tt, U) is covariant, we must have, for all 
a £ A and almost every s G S, 

(7) TTp(s){a{p{s)))Us = UsTTp(^s){a{p{s))). 

However, we can now compute for / e Cc{S) and h G £^(5*^°-' * S),fi) that 

{TT{a)U{f))h{u) - / 7r„(a(u))/(,s)f/(s)/i(u)A(s)-5d/3"(s) = {U{f)TT{a))h{u). 
Js 

We can extend this by continuity to all / e C*{S) and conclude that tt and U are 
commuting representations of A and C*{S). It follows from [121 Theorem B.27] that 
there exists a representation U®nr on C*{S)®)A such that U ®TT{f®a) — [/(/)7r(a). 
Given / € Cc{S) and a E A we check that 

(8) TT X U{i{f ® a))h{u) = f TrM{s)a{u))UMu)A{s)-Up"{s) 

Js 

^nu{a{u)) f f{s)Ush{u)A{s)-Uf3^{s) 
Js 

= Ti{a)U{f)h{u) = U(E>TT{f(E) a)h{u). 

Using hnearity, we conclude that tt >^ U{l{£)) = U ® 7r(^) for all ^ S Cc{S) A. 
Thus, given ^ e Cc{S) A, Hvr >^ U{l{£,))\\ = 7r(^)|| < ||^||. Since this is 
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true for all covariant representations, it follows that t is bounded and extends to a 
homomorphism on C* (S) A. Furthermore, since the range of t is dense, it must 
be surjective. What's more, given £ Co{S'-°^), f £ Cc{S) and a e A we have 

t(0 ■ / ® a)is) = ^ip{s))fis)a{p{s)) = i{f ^ ^ ■ a){s). 

It follows by continuity and linearity that t factors through the balancing ideal and 
induces a surjective homomorphism t : C*{S) (^Co(SW) A ^ A ><> S . 

We would like to show that t is isometric. Suppose i? is a faithful representation 
of C*(5) ^CoCSC)) ^ and let R be its lift to C*{S) (g) A. It follows [HI CoroUary 
B.22] that there are commuting representations tt and U oi A and C*{S) such 
that R — U ® TT. Furthermore, since U ® tt contains the balancing ideal, a quick 
computation shows that U{(j) ■ /)7r(a) = U{f)TT{ip ■ a) for all cj) £ Co(S'(")), / £ 
C*{S), and a £ A. Now, without loss of generality, we can use the Disintegration 
Theorem to assume that U is the integrated form of some groupoid representation 
([/, S'(°) *Sj,fi). Furthermore we have, for aU £ Co(5(°)), a e A, and / G Cc(5) 

7T{cl>-a)U{f)h{u) = / cb{u)f{s)Us7r{a)h{u)A{s)-U(3''{s) = cl>{u)U{f)n{a)h{u). 
Js 

Since U is nondegenerate, this implies that tt is Co(5''-*'-')-linear. Suppose the col- 
lection {tTu} is a decomposition of tt and let v be the measure on S induced by ^. 
All we need to do to prove that (tt, U) is a covariant representation of {A, S, id) is 
verify the covariance relation. Let {a^} be a countable dense subset in A and e/ 
a special orthogonal fundamental sequence for S*'"' * Sj [151 Remark F.7]. Since tt 
and U commute, we have for all i,l,k and / £ Cc{S) 

-(^(a,)C/(/)e,, efc) - (C/(/)7r(a,)e,, e^) 

= / {fis)TTp^,)iaMs)))Usei{p{s)),ekip{s)))A{s)-Uiy{s) 
Js 

{p{s)))ei{p{s)),ek{p{s)))A{s)-^d,.{s) 

Js 

{p{s))))ei{p{s)),ek{p{s)))A{s)-^dv{s). 

Js 

This holds for all / £ Cc{S) so that we may conclude for each i, I and k there exists 
a i/-null set Ni i j^ such that 

(9) ii'^p{s){ai{p{s)))Us - UsTTp(^s){at{p{s))))ei{p{s)),ek{p{s))) = 

for all s ^ Ni^i^k- However, if we let = IJ^ ; Ni^i^k then N is still a i/-null set 
and for each s ^ N ^ holds for all i,l and k. Since {ei{p{s))} is a basis (plus 
zero vectors) for each p{s), this implies that for s ^ we have TTpj^) (ai(^»(s)))[/s — 
UsT^p{s){(^i{p{s))) for all i. Because {ui} is dense in A, this holds for all a £ A. 
Thus (tt, U) is a covariant representation of (A, S, id). Furthermore, we can reuse 
the computation in ^ to conclude that tt yi U o l — tt ^ U . Given ^ £ C*{S) A 
let 5' be its image in C*{S) 'S)co{s('>'>) ^- We then have 

iie'll = = - ikx ^we))ii < \m\\ = imi 

It follows that t is isometric and is therefore an isomorphism. 

To finish the proof, observe that because of Proposition 13. 71 and Lemma [531 the 
map : A S ^ A S given by 'ip{f){s) — f{s)ul is an isomorphism. Thus 
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(j) — ip o L is an isomorphism from C*{S) ®Co(s(")) ^ onto Axa S. It follows quickly 
that (j) is Co(5''-''-')-linear and has the correct form. □ 

4. Locally Unitary Actions 

Now that we have developed the theory of unitary actions we can modify Def- 
inition 13.11 and introduce a new concept. The basic idea is that we weaken the 
continuity condition and see what kind of structure we have left. 

Definition 4.1. Suppose 5* is a group bundle and A is a Co(5'(°))-algebra. A 
dynamical system (A, S, a) is said to be locally unitary if there is an open cover 
{Uijiei of S-^o) such that {A{U^),S\ u^,a\s\u.) is unitarily implemented for all i G I. 

Our goal will be to analyze the exterior equivalence classes of abelian locally 
unitary actions on C*-algebras with Hausdorff spectrum. In particular, the rest of 
the C* -algebras in this section will have Hausdorff spectrum and we will view them 
as Co ( A)-algebras in the usual fashion. 

Remark 4.2. If A has Hausdorff spectrum then A is naturally a Co(A)-algebra. 
The fibres are given by ^(vr) = A/kerTr for all t: E A. In particular, since we are 
assuming separability, every fibre is elementary and isomorphic to the compacts. As 
such each fibre has a unique faithful irreducible representation (up to equivalence) . 

With this assumption we obtain a very nice identification of the spectrum for 
unitary crossed products. 

Proposition 4.3. Suppose S is an abelian locally compact Hausdorff group bundle 
with a Haar system, that A is a C* -algebra with Hausdorff spectrum S^^'^ and that 
{A, S, a) is a unitary dynamical system. Let {u^} be the unitaries implementing a 
and for all v G S'^"-' let be the unique irreducible representation of A{v). Define, 
for to € S, 

W7fp(^)(M)(s) := Uj{s)Wp(^^j{Us). 

Then the map (j) : S* — > {A yia S)^ given by 4>{uj) = T^piui) ^ ^t^p{uj){u) is a bundle 
homeomorphism. 

Proof. Let {A, S, a) and u be as above. It follows from Theorem 13.121 that the 
map V : C*{S) (8'Co(S('')) A ^ A xi S characterized by ^ /)(s) = /(s)au* is an 
isomorphism. Therefore, there is a homeomorphism (jji : {C*{S) '^Co{S^°^) ~^ 
{A X S)^ such that 4>i{R) = Ro Next, recall that we identify the dual group 
bundle S with C*{S)^ [1]. Define 5^x^(0) A := {(w,7rji(^)) eSxA-.LueS}. Since 
C*{S) is an abelian C*-algebra, and is therefore GCR and nuclear, it follows from 
[lOl Lemma 1.1] that (j)2 ■ S Xgm A {C*{S) ^Coism) A)^ given by (/)2(w,7r) = 
to (So- TT is a homeomorphism. Recall that if tt is a representation on Ti. then lu ®ij tt is 
the representation on C ® 7i, which we will of course identify with Ti., characterized 
by u! (2)cr 7r(/ ® a) — uj{f)n{a). Moving on, since A = S*'"' we can define another 
homeomorphism (p^ : S S x g(a) A by (fisiuj) = {uj, Ttpii^)). Let (j) ^ (j)i o (j)2 o (p^ 
and observe that cf) : S ^ [Ax S)'^ is a homeomorphism. Furthermore given w G S* 
we have 4'{io) — uj ®„ T^piuj) ° i^^^- 

Now fix x e S^"\ uo <G and define the map U : ^ U{H) by Us = 
ijj{s)tTx{us). Since u and lu are continuous, it follows quickly that J7 is a unitary 
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representation of Sx- Furthermore, we can compute for a G A{x) and s d Sx that 

UsTTxia) = uj{s)Trx{usa) = uj{s)Trx{usau*Us) = TTx{as{a))Us. 

Thus (tTj., U) is a covariant representation of {A{x), Sx,a). As such we can form the 
integrated representation ttx x U. Recall that Axs S is a Co(S'(*")-algebra and that 
the restriction map p factors to an isomorphism between A x S{x) and A(x) x Sx- 
Using the restriction map to view ttj; xi [/ as a representation oi A x S we claim 
that TTx y> U — (f>{uj). It will suffice to show that given an elementary tensor f ® a 
then Tlx >i U{ip{f a)) — cu CSo- T^xif "Xi a). We compute, observing that the modular 
function is one since S is abelian, 

TTx >JU{ij{f (E)a))h:^ / TTxif{s)a{x)ul)uj{s)Trx{us)hdf3''{s) 
Js 

= f fis)Lois)dp^is)Trxiaix))h 

JS 

= uj{f)TTx{a)h = {uj ®„ TTx){f ® a)h. 

Thus (t>{uj) — TTx U and, since U is just an abbreviated notation for LUTfx{u), we 
are done. □ 

4.1. Characterization. We saw in Proposition 14.31 that the spectrum of the uni- 
tary crossed product was homeomorphic to S. If the action were locally unitary 
then it is interesting to ask if the spectrum is locally homeomorphic to S and if it 
is, in fact, a principal S'-bundle. The answer is given in the following 

Theorem 4.4. Suppose S is an abelian group bundle with a Haar system, that A 
is a C* -algebra with Hausdorff spectrum S**^"^ and that {A,S,a) is a locally unitary 
dynamical system. Let implement a on S\ij^ where {Ui\ is an open cover of 
5'(°) and let q : {A yi a S)"" ^ be the bundle map. Then for each i the map 
ipi : p^^{Ui) q^^{Ui) such that 

(10) il;i{uj) = 7rp(^) X W7fji(^)(u') 
is a homeomorphism and the map ^ij .such that 

(11) 7.,(Ms))(5)=^p(.)(«)*"i) 

defines a continuous section of S . Furthermore, these maps make (A x S)^ into a 
principal S-bundle with trivialization {U,^~^,^). 

Proof. Let {A, S, a) be as in the statement of the theorem. Let {u*} implement a 
on S\ij^ where Ui is an element of some open cover U. Given an open set U ^ hi 
we identify each of {A{U) x S\uY, {A x S{U))^, and q~^{U) with the disjoint 
union IJ2,gy(^(a;) x 5*^;)^ as in Remark 12.31 In a similar fashion we identify each 

of {C*{S){U)Y, C*{S\uT and p-^{U) with the disjoint union 0^^^ Sx. 

Now, fix Ui £ lA. By assumption aj^i^ , denoted a whenever possible, is uni- 
tarily implemented by {u*} and as such Proposition 14.31 implies that the map 
ipi : {S\ui)^ {^{Ui) X S\ui)^ defined via pO]) is a homeomorphism. However, 
under the identifications made in the previous paragraph, we can view V'i as a map 
from p^^{Ui) onto q~^{Ui). We define the trivializing maps on {A x S*)^ to be 
0, = What's more, since (A x 5*)^ is locally homeomorphic to a locally com- 
pact Hausdorff space, we can conclude that {Ax S)^ is locally compact Hausdorff. 
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Next, suppose Ui, Uj G 14 and for each x G Uij let ttx be the (unique) irreducible 
representation of A{x). On A{x) xi Sx both and implement a so that we 
compute, for s Sx and a G v4(a::), 

7fa;(«)*ui)7rj,(a) = 7r:r(«)*wia) = 7r^(aJ^(as(a))«)*u^J = Trx{a)Tfx{{ul)*ul). 

Since Tr^, is irreducible, it follows [121 Lemma A.l] that 7y(x)(s) := 7fa;((us)*u|) 
is a scalar. Since and are unitaries, 7ij(a:)(s) must be a unitary as well 
and therefore has modulus one. Some simple computations show that %j{x) is a 
continuous homomorphism so that jijix) G Sx- Thus is a section of S on [7^^ 
and we compute for uj G P~^{Uij) 

(12) 04 O (?!)J^(w) = O V-j^t^) = V^j(7rp(^) X a)7fj;(^)(M-')). 

Given s G Sp(^^) we have 

(13) 7Fp(t^)(Mi) = 7fj5(^)«)7fji(^)(«)*U^) = 7,j(]3(w))(s)7fj;(„)(M^). 

Applying (fTS]) to (|12p we obtain 

0i o (/)J^(lj) = tpi^i-np^^) x (w7ij(p(w))7fj5(^)(M'))) = tJ7„ (p(w)) 

This shows that the 7ij are transition functions for the (pi. It follows quickly that 
7y is continuous and that the trivialization {lA, (f>, 7) makes (Ax S)^ into a principal 
S'-bundle. □ 

Of course this is little more than a curiosity unless we can use the principal 
bundle structure to tell us something about the action a. Fortunately, we can do 
just that. 

Theorem 4.5. Suppose S is an abelian group bundle with a Haar system and that 
A has Hausdorff spectrum S^^^ . Two locally unitary actions (A, S", a) and (A, S", j3) 
are exterior equivalent if and only if {A Xq, S)'^ and {Ayijj S)^ are isomorphic as 
S-bundles. 

Remark 4.6. Before we begin the proof of Theorem l4.5l let us give a quick applica- 
tion to place it into context. In [4] we identified the spectrum of certain groupoid 
crossed products A x G as a quotient of the spectrum of the stabilizer crossed prod- 
uct A xi S. Coupled with Theorem 14. 5 [ this says that if the action of S" on A is 
locally unitary then the spectrum of the global crossed product x G is a quotient 
of a principal S'-bundle and as such has a cohomological invariant. 

Proof. Suppose a and /? are equivalent locally unitary actions and the equivalence 
is implemented by the collection {us}- It follows from Proposition 13.71 that the 
map <j> : A -xia S ^ A yip S defined for / G Tc{S,p*A) by (l){f){s) = /(s)u* is an 
isomorphism. As such it induces a homeomorphism $ : {A xi ^ S)^ — > (v4 x„ S")^ 
via the map $(7r) ~ n o (p. 

Next, let us establish some notation. Since a and (3 are both locally trivial 
we may as well pass to some common refinement and assume that there exists an 
open cover U of S'(°) such that on S\ui the unitary actions and implement 
a and (3, respectively. Let 4>i and ipi be the trivializing maps induced by and 
w*, respectively. Furthermore, given x G 5^"^ let ttx be the (unique) irreducible 
representation of A{x) associated to x. Now &x Ui £ U and x £ Ui. In order to 
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conserve notation we will drop the z's on the and unless they are needed. 
Recall that (3s = Ad Us o as so that we can compute for s G Sx 

u^Wsvla = ulf3s{a'^^ {a))wsvl — Ad(u*) o /J^ o a'^^ [a)ulwsvl 
= Ad(u*) o Ad(us) o as o a'^^{a)ulwsvl — au^Wsvl- 

It follows that (3i{x){s) := TTxiu^WsV*) commutes with tTx{A{x)). Since tt^ is irre- 
ducible, this implies that Pi{x){s) must be a scalar. As before, it is straightforward 
to show that (3i (x) is a continuous T- valued homomorphism and hence Pi is a section 
of S on Ui. Given lu Sx we then compute for / G Tc{S,p*A) 

(14) TTx X (W7f^(w) )(<?!)(/)) = / TTx{f{s))uj{s)Tfx{u*Ws)d(3''{x) 

Js 

= TTj. xj {uj(3i{x)Trx{v)){f). 

We conclude from that 

4 o $ o Vr^l^) = 'I'ii'^x X (w7fa;(u;)) 0)=: (/)i(7rj; xi {uj(3i{x)nx{v))) = w/3i(a;). 

Therefore Pi implements $ on trivializations. It is straightforward to show that Pi 
is a continuous section so that {U, $, P) is an S'-bundle isomorphism. 

Suppose that (W, <I>, /3) is an S'-bundle isomorphism of {AXaS)^ onto {Axip S)^. 
Let and implement a and /3, respectively. Notice that U must be a common 
refinement of the local trivializing cover for a and /3 so that we may as well assume 

and are defined on U. Fix Ui £14 and x £ Ui. For each s G 5*3; we define a 
unitary £ UM{A{x)) by 

(15) ... :=A(x)(s)w;:(z;:)*. 

We need to show that ((T5)) doesn't depend on the choice of Ui. So suppose x G C/, 
as well. Let 7^ and 77^^ be the transition maps for {A yi^ S)^ and {A yip S)^, 
respectively. It follows from general principal bundle nonsense that Pi^ij = rjijPi. 
We use this fact to compute 

P,{x)(s)^x{wl{vir) = P,{x){s)T:x{w\{virvl{vir) = P,{x){.sH,{x){s)^x{wl{vir) 

(16) = P,{x){s)ln^M{.s)nx{w's{vlr) 

= p,{x){.s)ifx{wi{{v^sr^i){^ir) = PA^){s)^x{wi[vir). 

Since A has Hausdorff spectrum, A{x) is simple and therefore implies 

p,{x){s)w\{v\Y ^ P,{x){s)wl{vir. 

Thus Us is well defined. We now show that the Us implement an equivalence between 
a and p. The second condition is the result of a simple computation. The continuity 
condition is straightforward to prove using the fact that the actions v and w are 
continuous, as well as the fact that Pi is a continuous section. The last condition 
follows from the calculation 

7r(Adus(as(a))) = Pi(x){s)Pi{x){s)TT{wsV*VsavlvsW*) = 7r(wsaw*) = 7r(/3s(a)). 

Hence {u^} implements an equivalence between a and p. □ 

Of course, this leads to the following 
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Corollary 4.7. A locally unitary action of an abelian group bundle S on a C* - 
algebra A with Hausdorff spectrum S^^^ is determined, up to exterior equivalence, 
by the associated cohomological invariant of {A x: 5)^ as a principal S-bundle. 
Furthermore, this cohomology class is an invariant for the isomorphism class of 
AyiS. 

4.2. Existence. The final piece of the puzzle will be to prove that locally unitary 
actions are about as abundant as they can be. In other words, we will show that 
every principal bundle can be obtained through a locally unitary action. 

Theorem 4.8. Suppose S is an abelian group bundle with a Haar system and 
is a principal S-bundle. Then Cq{X) xi S has Hausdorff spectrum S^^^ 
and the dual action of S on Co{X) y\ S defined for lu G Su and f G Cc(5'„ x X^) by 

(17) rtM)is,^)^Lo{s)f{s,x) 

is locally unitary. Furthermore, {{Co{X) x S*) x S)^ and X are isomorphic S- 
bundles. 

We begin by proving the following 

Proposition 4.9. Suppose S is an abelian group bundle with a Haar system and 
that X is a principal S-bundle. Then Cq{X) x S has Hausdorff spectrum S^^\ 

Proof We know from [1 Proposition 1.2] that Cq{X) x S* is a Co(5'(°))-algebra 
with fibres Co(X ii] X Su- Hence there is a continuous surjection r of (Cq(X) x 5*)^ 
onto S^^\ Furthermore, we may identify r~^{u) with {Co{Xu) x Su)'^ in the usual 
fashion. Next, let : Xu Su be the restriction of one of the trivializing maps to 
Xu. Since (/) is a homeomorphism, we can pull back the group structure from Su to 
Xu and turn into a group isomorphism. Furthermore, it follows from Proposition 
11.91 that 4> is equivariant with respect to the action of Su on Xu- Therefore if we 
identify Xu with Su then the action of Su on Xu becomes the action of Su on itself 
by translation. In other words, Co(X„) x Su is isomorphic to Cq{Su) Xit Su- We 
know from the Stone- von Neumann Theorem [2] that Co(S'u) x Su is isomorphic 
to the compact operators on some separable Hilbert space. Hence Co(S'u) x Su, and 
therefore Cq{X) x S{u), has a unique irreducible representation. It follows that the 
map r is injective. 

All that remains is to show that r is open, or equivalently, closed. Suppose C is 
a closed subset of {Cq{X) x 5*)^. Then there is some ideal / such that C = {tt G 
(Co(X) X S")^ : / c kerTr}. Let L> = {u G S'(°) : / C /„} where the ideal /„ in 
Cq{X) -A S is given by 

/„ = span{0 • / : G Co(5(°)), / G Co(X) x 5, = 0}. 

It is straightforward to show that D — r{C). We will limit ourselves to proving 
that D is closed. Suppose Ui ^ u in S'-°^ and u.eD for all i. Then, since / C /«, 
for all i, we have f{ui) = for all i G I. However, / is continuous when viewed as 
a function on S^"^ so that f{u) = 0. Thus / G /„ and u e D. □ 

Next, we show that there is a dual action of S on Co{X) x S induced by left 
translation. Since it isn't much harder, we actually prove this result in greater 
generality. Unfortunately, we can't just jump right in. Verifying the continuity 
condition will take work. In particular, we have to deal with the topology on the 
use-bundle associated to A x 5. 
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Lemma 4.10. Suppose {A,S,a) is a dynamical system and that S is an ahelian 
group bundle. Let A he the use-bundle associated to A, define 

S*S^ {{oj, s)eSxS: p{uj) = p{s)}, 

and let p : S * S ^ S^^^ be given by p{uj,s) ~ p{s). Then there is a map l : 
Tc{S * S,p*A) — * P*iA X S) such that L{f){uj){s) = /(w, s). Furthermore, t is 
continuous with respect to the inductive limit topology and the range of l is dense. 

Proof. The only difficult part is showing that is continuous as a function into 
£ where £ is the use-bundle associated to A xi 5*. We start out with a simpler 
function. Suppose g € Cc{S), h e Cc{S) and a G A. Define g(S)h®a on S*S 
by g (g) ft- ® a{uj, s) — g{uj)h{s)a{p{s)). It is clear that g ® /i (g) a S rc(-S' * 5*,^*^). 
Furthermore, if we view /i a as an element of Tc{S,p*A) then i(g (g) ft, (g) a)(w) = 
g{uj){h(>^a){p{u; j) where (ft (g) a)(p(a;)) is just the restriction of ft g) a to Sp(^^y Since 
h ® a defines a continuous section of £, it is easy to see that i{g g) ft g) a) is a 
continuous function from S into £. Thus i{g ® h® a) S Tc{S,f)*£). 

We now show l preserves convergence with respect to the inductive limit topol- 
ogy. Suppose fi^f uniformly in Tc{S * S,p*A) and that eventually the supports 
are contained in some fixed compact set K. Clearly the supports of are eventu- 
ally contained in the projection of K to S. Fix e > and let M be an upper bound 
for {/3"(L)} where L is the projection of K to S. Then eventually — /||cx) < e/M. 
Therefore for large i we have, given uj € Su and making use of the fact that Su is 
abelian so the /-norm on Cc{Su, A{u)) only has one term, 

- < lk(/.)H - ^(/)HII/ 

\\f,{u;,s)-f{iu,s)W^{s) 
f\\coM<e 



Thus t(/i) — > uniformly and hence with respect to the inductive limit topology. 

Now suppose f e TcCS * S,p*A) and that tOi —^ uj in S. Fix e > and let U 
and V be relatively compact neighborhoods of the projection of supp/ to S and 
S, respectively. Since sums of elementary tensors are dense O Proposition 1.3] we 
may find {gJili G Cc{S * S) and {aj^i e A^uch that ||/ - ® ai||oo^< e/2. 

For each 1 < i < extend gi to all of Cc{S x S) and choose hi G Cc{S) and 

G CciS) such that \\gi ~ J2j H <E) kf\\oc < e/(2A^||ai||). It then follows from some 
simple computations that 



N 



/ - ^ ^ ft^' fcf (g a, 



N 



i=l 



7. - ^ ft^ (g fc^ 



< e. 



Furthermore, we can multiply the hj and kf by functions which vanish off U and 
V, respectively, so that supp hi ® kl ® a d U y. V . This construction shows that 
sums of elements of the form h®k®a for ft G Cc(S'), k G Cc{S), and a G A are 
dense in TdS * S,p*A) with respect to the inductive limit topology. 

At last we can show that is continuous for / G Tc{S * S,p*A). Let gi = 
J2k g) be a sequence converging to / in the inductive limit topology as 

above. Since sums of continuous functions are continuous, i{gi){ujj) L{gi){uj) for 
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all i and it now follows from a straightforward application of |151 Proposition C.20] 
that i{f)[LOi) — > t{f){uj). Thus /,(/) is a continuous section. Showing that l has 
dense range now follows from [Kl Proposition C.24] after a brief argument. □ 

The following corollary isn't necessary to build the dual action, but it will be 
needed in the proof of Theorem 14.81 so we include it here. 

Corollary 4.11. Suppose S is an abelian group bundle with a Haar system and 
is a principal S -bundle. Define 

S*S*X -.^ {{lo, s,x) eS X S X X : p{lu) ^ p{s) = q{x)} 

Then there is a map l : Cc{S * S * X) p*{Co{X) x S) such that 

Furthermore, i is continuous with respect to the inductive limit topology and the 
range of l is dense. 

Proof. Let C be the use-bundle associated to Cq{X) as a Co(5'(°))-algebra. Consider 
the map n : T,{S * S,p*C) ^ p*iCoiX) x S) given by ti(/)(u;)(s)(x) := /(w,s)(x). 
It follows from Lemma l4.10l that this map is continuous with respect to the inductive 
limit topology and its range is dense in p*{Co{X) x S). Now consider the map 
L2 : CciS *S*X) ^ TciS * S,p*C) given by t2(/)(w, s){x) = f{uj, s, x). It follows 
from Lemma 12.41 that L2 is surjective and preserves the inductive limit topology. 
Thus the map t = t2 ° '-i has the correct form and all the right properties. □ 

Now we can finally tackle the dual action construction. This will provide the 
last tool we need to demonstrate Theorem 14.81 

Proposition 4.12. Suppose {A,S,a) is a dynamical system and that S is an 
abelian group bundle with a Haar system. Then for each u) £ S there is an au- 
tomorphism on Ax S{p(uj)) defined for f G Cc{Sp(^i^), A{p{bj))) by 

aM){s) = ^s)f{s). 

With this action (A x S*, S, a) is a dynamical system. 

Proof. Since everything else is straightforward, we will limit ourselves to demon- 
strating the continuity of the action. Let £ be the bundle associated to A x S and 
suppose LUi —> Lo in S and fi—^finS such that fiGAx S{p{uJi)) for all i. Now 
choose g ^ p*{Ax S) such that g{uj) = /. It follows from Lemma [4.101 that we 
can choose h £ Tc{S * S,p*A) such that — .g||oo < e/2. Define a(/i)(cj,s) — 

uj{s)h{uj, s). It is clear that a{h) G Tc{S * S,p*A). It is also easy to see that 
i(a(/i))H = a^iiih)iu)). Thus - a^(/)|| = ||a„(t(/i)H - < 

e/2 < e. Next, since g{oJi) g{Lj) — f and fi ^ f we have — fi\\ 0. 

Therefore, eventually, we have 

\Ha{h)){iu,) - a^^(/,)|| < \\a^Mh){^.) " .9('^^))ll + - /Oil 

<e/2+\\g{cu,)-f,\\<e. 

It follows from 15, Proposition C.20] that a^^{fi) a^iif). □ 

Remark 4.13. The action from Proposition 14.121 is a generalization of the usual 
Takai dual action for abelian groups. 
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We are now ready to prove our existence theorem. 

Proof of Theorem \4.8\ We have shown in Proposition l4.9l that Co{X) xi S has Haus- 
dorff spectrum 5*'"'. Furthermore, we showed in Proposition 14.121 that there is an 
action of S which, if we view Cc{Su x Xu) as sitting densely inside Cc(S'„, Ca{Xu)), 
is given by 

\t^{f){s,x) uj{s)f{s,x) 

for / G Cc{Su X Xu). We need to show that \t is locally unitary. Let U he a 
trivializing cover of X and let (j>i be the local trivializations. Fix Ui E U. Then for 
all w G Ui, uj € S'u,, and / € Cc{Sw x X^) define 

(18) u^f{s,x):=uj{(j3i(x))f{s,x). 

Simple calculations show that u is a homomorphism on • Next we will show 
that u is adjointable. Equip Co(X^) x Sw with is usual inner product as a Hilbert 
module. For all f,g G Cc{Sw x X^) we have 

{u^f,g){s,x) = f Lj{Ut-^ ■x))f{t-\t-^ ■x)g{t-^s,t-^ ■x)dp^{t) 
Js 

= {f,u^-^g){s,x). 

This shows that is adjointable on Cc{Sw x ^^u) and we can also observe that 

= WM.uM = \\{f.u^-^nM = lia/>ll = 11/11'- 

Thus Uuj is isometric on Cc{Sw x Xu,) and as such it can be extended to a unitary 
multiplier on Co{Xui) x Sw AH that remains for the collection {u^^} to define a 
unitary action of p~^(Ui) on Co{X) x S(Ui) is continuity. 

Let £ be the bundle associated to Co{X) x S and fix e > 0. Suppose uij uj 
in p'~^{Ui) and fj f in £\iJi such that fj E Co{X) x S{p{ujj)) for all j. Choose 
g e p*{Co{X) X S) such that g{uj) = f. Using CoroUarv 14.111 we can find a 
continuous, compactly supported function h on S*S*X such that gUtx) < e/2. 

Consider the open set O — p^^{Ui) * p^^{Ui) * q^^{Ui) in S * S * X. We define a 
new function k E C{0) by 

k{x,s,x) = tp{p{s))x{(f>i{x))h{x, s, x) 

where "0 G Cc{Ui) is some function which is one on a neighborhood of Now 
k is clearly compactly supported with suppfc C O. Therefore we can, and do, 
extend k by zero to all of 5 * S * X. Next we observe the following facts. First, 
L{k){uj) = Uuii{h){uj), and eventually b{k){LOj) — Ui^.L{h){ujj). Second, that 

||i(fc)H - u^fW - \\uUi{h){Lo) - g{u))\\ = \Hh){u;) - .gH|| < e/2. 

Third, fi^f and g{uji) g{uj) = / so that ||/^ - g{uJi)\\ 0. Thus, eventually, 
we have 

\\L{k){uj,) -u^JiW < \\u^^{L(h)(uJi) - g{uji))\\ + Wu^^gi^i) - fi)\\ 
<e/2+||5(c^,)-/.|l <e- 

Finally, we observe that L{k){uji) — > i(fc)(w) since i(fc) is a continuous section. It 
follows from [TS] Proposition C.20] that u^-fi u^f and hence {u:J\ defines a 
unitary action oip~^{Ui) on Cq{X) x S(Ui). What's more, the calculation 

UujfuZis,x) = Uj{(l)i{x)){Uu,f*)* (S, X) = w(0^(x))UaJ/*(s"^ • x) 
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= oj{(l)i{x))uj{(j)i{s ^ ■ x))f{s, x) = u}{(l)i{x))(M{s)uj{(t)i{x))f{s, x) 

= ^^{s)f{s,x) = \tfis,x) 

shows that u implements It on p^^{Ui). Since we performed this construction for 
an arbitrary element of the cover U, it follows that It is locally unitary. 

Consider Y = {{Cq{X) y\ S) yi S)^. Now, F is a principal S'-bundle and, in hght 
of duality T, Theorem 16], a principal 5-bundle as well. We would like to show that 
Y is isomorphic to X. Using Theorem ll.Gl it suffices to show that X and Y have the 
same cohomological invariant. Let 7^ be the transition functions for X with respect 
to the trivializing maps 4>i. Let rjij be the transition functions for Y and recall 
from Theorem 14.41 that we have r]ij{v){uj) — t^v{{uIj)*uIj) where 7r„ is the unique 
irreducible representation of A{v) and are the unitaries constructed above. 

It follows from general principal bundle nonsense that 4)i{x) = jij{q{x))(f>j{x) for 
all x. We now compute for / e Cc{Sy x Xy) 

iiO*uif)is,x) = uj-^{(l),{x))u;{(l)jix))f{s,x) = ^(7^- (x) (a;))/(s, x) 

= ^{ltjiy))f{s,x) = ji.j{v){uj)f{s,x) 

where 7^ (v) denotes the image of 7^ (v) in the double dual. Therefore, since 7r„ is 

faithful, 77.y(ti)(a;) — 7jj(ti)(a;). Thus, once we identify S with S, the cohomological 
invariants of X and Y are identical. □ 

Example 4.14. Theorem 14.81 savs that any principal S'-bundle X gives rise to a 
locally unitary action of S on Co{X) x S and in particular this holds for locally 
(T-trivial bundles. Thus any example in [11] yields a locally unitary action. 

Remark 4.15. It is worth describing, at least briefly, how this material generalizes 
[5|. Suppose H is an abelian group and A has Hausdorff spectrum X. If a is an 
action of H on A then, as in [3, Example 1.4], we can form the transformation 
groupoid H X X and there is an action /3 of H x X on A. Furthermore, we have 
A >ia H = A X p {H X X). Without getting into the details, a is locally unitary 
according [8] if, for each n € X, there is an open neighborhood [/ of tt and a strictly 
continuous map u : H ^ M{A) such that for each p E U , pou is a representation of 
H on Tip which implements a. In particular this implies that poaj^ — p[us)pp{u*) 
is equivalent to p. Thus the action of on X induced by a is trivial and the 
transformation groupoid H x X is the trivial group bundle. What's more, since 
A has Hausdorff spectrum, it is not hard to show that Us{x) implements (3[s.x) on 
A{x) and that (3 is unitarily implemented by {us{x)} on H xU . Thus /? is a locally 
unitary action oi H x S on A. Now, the dual of x X is x X and we have, 
according to Theorem l4.4[ that {AXaH)^ = {Axp[H x X))'^ is a principal H x X 
bundle. However, it follows from Remark 11.121 that this implies {A Xa H)^ is a 
principal iJ-bundle. From here it is straightforward to see how the results of this 
section are related to those in [5]. 
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